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Preliminaries

» Bell scenario: consider two parties performing measurements on their local systems
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p(a,blz,y)

» Correlations are described by a
collection of prob. distributions

{p(av b‘ﬂ?, y)}a,b;az,y
p(a,blz,y) = Tr[pap(ME @ N,)]

measurement choices (zlmld)
r,y=1,...,m scenario
outcomes

a,b=0,...,d—1

" measurement M = {M,},

M®>0, > M*=1 (povm)
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{p(a,blz,y)}

correlations/behavior




Preliminaries

Nonlocality and Bell inequalities

» Local/classical correlations

p(a,blz,y) = > p(A)paes(alz, Npaet (bly, A)
A
Va,b,x,y)\ Pdet (CLICIC, A)apdet(b‘ya )‘) < {07 1}

» Otherwise they are called nonlocal (nonlocality)

d < 9Dm.d

[J. S. Bell, Physics 1, 195 (1964)]

» Bell inequalities: Hyperplanes constraining the

local set
Z Ta,yp a b‘l‘,y) < /BC'
a,5,2,y (Bc = max I)
7:)rn,d

Finite number of Bl's (facets) enough to fully

tight Bell

Local polytope
7Dm,cl

deterministic

correlations Bell inequality
Examples

Clauser, Horne, Shimony, Holt (1969);
Collins et al. (CGLMP) (2002);
Barrett, Kent, Pironio (BKP) (2006);

tight Bell inequalities

characterize the local polytope

>
(convex hull problem)



The problem

» Qualitative and quantitative statements nonlocal tight Bell

about relevant quantum properties \ineﬂpa lity

» randomness certification, amplification, expansion

[Pironio et al., Nature (2010);
Renner, Colbeck, Nat. Phys. (2012)]

Local polytope
7’jm,d

» bounds on key rates in QKD [Pironio et al., PRX (2013)]

» dimension witnesses  [Brunner et al., PRL (2008)] e S

Qm,d

Bo _ max [

m,d

» The problem- no general class of Bell inequalities for maxent quantum states

» perfect correlations in
d d
Wd Z' A®i)peC®C any local basis (QKD)

e CHSH (1971) — (2,2,2) scenario » pa=pp=1/d

 Sonetal. (2006)— (2,2,d) scenario (randomness certification)

e Jietal (2008), Liang et al. (2009) —(2,2,3) scenario > o c |
MUB observables Maximizer o entang ement measures



Constructing Bell inequalities Phys. Rev. Lett. 119, 040402 (2017)

» Consider the Barrett-Kent-Pironio (BKP) Bell expression
[Collins et al., PRL (2002); Barrett et al., PRL (2006)]

|d/2]—1
Id,m ‘= Z (IPk — Qk) CGLMP/BKP inequalities
k=0 ‘\Y\ _ (facets)

p(a,blx,y)

» facet Bell inequalities in (2,2,d) scenario
[Masanes, QIC (2002)]
: : +
» not maximally violated by Ug)

» e.g., ford=3

T ) Our inequalities

B) ~00) +y|11) +[22) v = L(V11 - V3) U e

[Acin, Durt, Gisin, QIC (2002); Yang et al. (2014)] ‘l

» Modify by adding parameters (tilting the inequality)
L

[d/2] -1
Lim = Y, (cxPy — 5rQy)

k—0
ar, B € R



Constructing Bell inequalities Phys. Rev. Lett. 119, 040402 (2017)

» How to find the coefficients? |¢7) OQurinequaite.
(tilted)
» Fourier transform — correlation form ,
m d—1
Igm =Y > (a(AB{™) +af (AIB{)))
1=1 [=0
ar = a(ag, Br) L
d—1
(A5By) = Y w™*p(a,blz,y)
a,b=0
A;, B; —unitary with eigenvalues 1,w,... ,wd_l w = exp(27i/d)

» YQuantum approach” (CHSH example)

Icusa = (Ao ® (Bo + By)) + (A1 ® (Bg — By)) <2
optimal CHSH measurements

AO®‘B_O:/J£—QEL|¢§L> :Ua:®0w|¢;> = |¢§L>

_ ogxfo,

A0/1 = Oz /2 BO/l ~ 2
A Bo—Bi1 |, +\ — s s +\ +
1 ®@ =22 Yg) = 0, ® 02|y ) = [y [Y5) = %(|00> + |11})



Constructing Bell inequalities

» “Quantum approach”

m d—1 m d—1
~ . B _ (]
Lo =Y Y (a(AiBI) +af (AIBL))) = > > (AIB)Y)
1=1 [=1 1=1 [=1
ar = ay(ag, Br) B = /B! + af BI]

» we want «y, 0 sothat

= (1l
At BO|pdy = |p?)

forall 1 =1.... =1,....d—
A;. B; r1=1,....m [=1,...,d—1

CGLMP/BKP
measurements

[Collins et al. (CGLMP) (2002);
Barrett, Kent, Pironio (BKP) (2006)]

)< —) ok, B almost uniquely



Full characterization of our Bell inequalities 2l R, L £, GeroR (G650

» Analytical proof of the maximal quantum value

Bo = max fm’d =m(d—1)
Qm,d

Local polytope
73m,d

» sum of squares decomposition

1 m d—1 m—2d—1
Bol—B =533 PhPu+5 3 3 ThTu —/
1=1k=1 =1 k=1 -
Qm,d
Py, =1 — Ak ® Bk Tik = M, kB o=k + v kBH_Q =+ T’Lsz_|_3

~ 1T 7

some coefficients

» quantum realization |¢;> and optimal CGLMP/BKP measurements

» Example: the CHSH inequality

NGLL B % [(]1 — Ay ® %)QJF (1-41 0 %)21

for all dichotomic A;, B;



Full characterization of our Bell inequalities

» Analytical computation of the classical bound Nind
[Barrett et al., PRL (2006)]

BC = glax im,d

m,d

» The maximal nonsignaling value
Local polytope Py, .4

Ons = max I;m.a = mtan (5=) g(0) —m

m,d S

g(x) = cot [ 5 (z + 57)] \

» Asymptotic properties of Bg/Bc and Bns/Bo Om.d

» Special cases

m=2 - Bell inequalities considered by Son, Lee and Kim
[Phys. Rev. Lett. (2006); J. de Vicente, Phys. Rev. A (2015)]

d=2 —the chained Bell inequalities |
[Pearle, 1970; Braunstein, C. Caves, 1990; Wehner (2006)]

(AoBo) + (Ao Bm) + i ((AiB;) + (AiBi—1)) < 2(m — 1)



Applications

[Mayers, Yao, 2004]

» Device-independent applications

» Quantum key distribution — better lower bounds on key rates

> Self-testing of maximally entangled states for d>2

» The idea of self-testing (DI certification) Quantum device

e {p(a,blz, ) Yapiy {M2} {N)}

* or violation of some Bell inequality

> TEb pla,bla,y) = B

a”b7x7y

» deduce properties of [¥AB) and {M2}, {N)} —
{p(a, b|x, y)}a,b;x,y



Self-testing maxent state

» Numerical for d=3 (m=2)

Minimum fidelity
© o ©
HLY {s2] (#4]

o
()

o

38 384 388 392 3.96
Bell expression value

» Rigorous analytical proof for d=3,4,5

( see Jedrek’s W
talk!

Phys. Rev. Lett. 119, 040402 (2017)

[Yang et al., 2014; Wu et al., 2014]

min(y3|palvs) 2 f(5)

Bc ~3

V\

maximal quantum value

An approach based on
the CHSH Bell inequality
[Yang, Navascués, 2012]




Generalization to N parties

» Bell inequalities maximally violated by N qudit GHZ states

1 d—1
GHZn,a) = —= Y [9)®"
CHZyg) = 22319
» Consider the Bell expression (N=3) [Aolita et al, PRL (2012); Bancal et al. JPA (2012)]
[d/2] -1 free
INdm = Z (P — BrQk) ak, P € R parameters
k=0 A A
p(a, b, clx,y, 2) Gl =

» Go to the correlation picture (the Fourier transform)

M d-1
© 1 _
_ k p—k k _
I3,m.d = d E (Az By 1Cy), A, B,,C, —unitary observables
z,y=1 k=0 with eigenvalues
l,w,...,wd_l



Generalization to N parties

> Solve a system of equations

A @ By, ® CF|GHZ3 4) = |GHZ3 q) forall z,y,k

forfixed A,,B,,C, ﬁ> ak, B almost uniquely

» Characterization

» Maximal quantum violation (SOS similar to the bipartite one)

Q _ o, N-1 _ o N—29Q
BN,m,d = (d I 1) = 52,m,d
» The maximal nonsignaling value
NS N 26
N,m,d — 2,m,d

» Maximal classical value

C N-2 1C
BN m,d — =7 BN,m,d 7é m BQ,m,d



Conclusion/Outlook

» A class of Bell inequalities for maxent states

» Analytical computation of all relevant quantities 5c¢, 8¢, Bns

forthe rigorous analytical \

» Numerical self-testingford=3 —»
proof see Jed’s talk

» Generalization to the GHZ states

> Self-testing of maxent states for any d?

» Other Bell inequalities max. violated by the max. entangled states?

" modification of the CHSH-d Bell inequality

[Buhrman, Massar (2005); Ji et al. (2008); ! €€ Jed's talk /

Bavarian, Shor (2013)]

/ /

» Bell inequalities for other entangled quantum states of local dimension >2

partially entangled multipartite states
bipartite states - such as AME states or graph states
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