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Classically?
Q(n) at best

Quantumly?
O(+/n) can be achieved

But..

For which graphs and
vertices does it work?
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) O(v)

Hyper-torus (Childs et al.)  O(y/n) for d > 4

:lu;l binary trees (Philipp et O(n%“s) for 60
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Erdés-Rényi graph model

e G =(V,E) - a simple undirected graph with vertex set V = {1,...,n} and

edge set E C V x V; G(n, p)

p=0 p=01 p=02

(@) (b) ©

Figure: https://www.research net/publi /313854183 WISDOM-II
@ connectivity threshold
contains isolated vertices v connected
l
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__ Previousremule |
Result of Chakraborty et al.

Theorem (Chakraborty et al.)

Quantum spatial search is optimal (i.e.vertex can be found in O(/n)) for finding
almost all vertices on almost all ErdGs-Rényi graphs.

Questions:

@ Is it possible to “hide” a vertex in a graph?

@ Can we obtain common time measurement for all vertices?
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Continuous-time quantum spatial search

Continuous-time quantum spatial search

graph matrix
at t = 0 equal superposition
\ of canonic states

) =iy M +  |w)iw| ) |

normalizing COnstant/ \
dyad of search element
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Properties of continuous-time quantum spatial search
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Continuous-time quantum spatial search

Properties of continuous-time quantum spatial search

e Time needed for quantum spatial search is (’)( \/\1>\)

@ Probability of measuring a given vertex |w) in time t is

P.(t) = |{w|exp (—i(yM + w){w])t) [s) [

e Quantum spatial search is optimal if there exists a starting state |s) and the
value of v such that after time t = O(y/n) we have

P, (t) > const > 0.
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Graph spectra

Adjacency matrix A Laplacian L
) L = D — A, where (v|D|v) =
(v|Alw) = 1iff (v,w) € E deg(v)
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0 50 100 150 200 250 0 \ 50 100 150 200 250 300 350
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Adjacency matrix

Adjacency matrix

0111110101
1001101100
10010 0O0O0O0T1
1110011001
1100011011

1001 10O01O00O0
0101100001
1100 01O0O0T10O0
0 00O0O1O0O0T1TO0FPO0

1011101000
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Previous results for adjacency matrix
Result by Chakraborty et al.

Recall the last...

Theorem (Chakraborty et al.)
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Previous results for adjacency matrix
Result by Chakraborty et al.

Recall the last...

Theorem (Chakraborty et al.)

Quantum spatial search is optimal for finding almost all vertices on almost all
Erdds-Rényi graphs.

More technically...
If

o max{| Az, [An|} S c < A\ =1,

o [A1) =1s) = 7= X5, i),
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Previous results for adjacency matrix
Result by Chakraborty et al.

Recall the last...

Theorem (Chakraborty et al.)

Quantum spatial search is optimal for finding almost all vertices on almost all
Erdds-Rényi graphs.

More technically...

If
o max{| Az, [An|} S c < A\ =1,
o [\) =s) = = 351,

then

o after time O(/n) we have P,(t) > ﬁ —o(1).
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Previous results for adjacency matrix
How did they do it?

Lemma (Chakraborty et al.)

Let
e A - an adjacency matrix of Erd6s-Rényi random graph G(n, p),
o [s) = J= 20, Iv) = alh) + BIAL).
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[ CIEC AL 8 Previous results for adjacency matrix

How did they do it?

Lemma (Chakraborty et al.)
Let
e A - an adjacency matrix of Erd6s-Rényi random graph G(n, p),
o [s) = J= 20, Iv) = alh) + BIAL).
Then
a=(s|]A1) =1-0(1)

log®/2(n)
almost surely for p > =>—"2.
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[ CIEC AL 8 Previous results for adjacency matrix

How did they do it?

Lemma (Chakraborty et al.)
Let
e A - an adjacency matrix of Erd6s-Rényi random graph G(n, p),
o Is) = L ¥, V) = alda) + AIAL).
Then
a=(s|]A1) =1-0(1)

log®/2(n)
almost surely for p > =>—"2.

almost all vertices can be found optimally

; / ‘

1
3/2
0 log®> < n 1
n
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[ CIEC AL 8 Previous results for adjacency matrix

Where is the problem?

Measure of closeness
@ Their idea:

1—[{g[¢)]
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Previous results for adjacency matrix
Where is the problem?

Measure of closeness
@ Their idea:

1—[{g[¢)]

@ Our idea:

What do we need?
We want

1 1
[1A1) — 7 Y e = 0(%)-

v
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V-G IECL AL Our results for adjacency matrix

Theorem

Suppose A is an adjacency matrix of a G(n, p) graph with p > log®(n)/n. Let
|[A1) denote the eigenvector corresponding to the largest eigenvalue of A and let

8= & S v)- Then

1
) = 19l =o (=)
with probability 1 — o(1).
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V-G IECL AL Our results for adjacency matrix

Theorem

Suppose A is an adjacency matrix of a G(n, p) graph with p > log®(n)/n. Let
|[A1) denote the eigenvector corresponding to the largest eigenvalue of A and let
|s) = %Z [v). Then

n v

1
) = 19l =o (=)
with probability 1 — o(1).

Result

All vertices can be found optimally for p > log®(n)/n.
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V-G IECL AL Our results for adjacency matrix

Theorem

Suppose A is an adjacency matrix of a G(n, p) graph with p > log®(n)/n. Let
|[A1) denote the eigenvector corresponding to the largest eigenvalue of A and let
|s) = %Z [v). Then

n v

1
) = 19l =o (=)
with probability 1 — o(1).

Result

All vertices can be found optimally for p > log®(n)/n.

almost all vertices can be found optimally

; / 4 |
log® n

1
Iogs/2 n
0 log> % n 3 1
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Adjacency matrix [l¢ time

Common time measurement

O O

http://ogaps.tamu.edu/Blog/Blog/September-2017 /What-is-Love % E2%80% A6-of-Time
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Adjacency matrix [l¢ time

Common time measurement

Suppose

" <1A> _1‘ <5—o.
np
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Adjacency matrix [l¢ time

Common time measurement

Suppose

" <1A> _1‘ <5—o.
np

then

P,(t) = [{w|exp (—i(yM + |w){w|)t) |s)|2 ~ ﬁ sin? <t1/62/4+ ,17>
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Adjacency matrix [l¢ time

Common time measurement

Suppose

)\1<1A>—1‘<(5—>0.
np
then

P,(t) = [{w|exp (—i(yM + |w){w|)t) |s)|2 ~ ﬁ sin? <t1/62/4+ ,17>

for all vertices.
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Adjacency matrix [l¢ time

Common time measurement

Suppose

)\1<1A>—1‘<5—>0.
np
then

P,(t) = [{w|exp (—i(yM + |w){w|)t) |s)|2 ~ ﬁ sin? <t1/62/4+ ,17>

for all vertices.

But...

§= O(\%) —  optimal time t may depend on graph.
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Adjacency matrix [l¢ time

Common time measurement

Suppose

)\1<1A>—1‘<5—>0.
np
then

P,(t) = [{w|exp (—i(yM + |w){w|)t) |s)|2 ~ ﬁ sin? <t1/62/4+ i)

for all vertices.

But...
§= O(\%) —  optimal time t may depend on graph.

Warning

Optimal time may not be the same for all vertices!

v
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Adjacency matrix [l¢ time

Common time measurement

What do we want?

We want ¢ < % almost surely.
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Adjacency matrix [l¢ time

Common time measurement

What do we want?

We want ¢ < % almost surely.

Lemma

p>log®(n)/n = Ale(l,% 2(1—p)/p)
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Adjacency matrix [l¢ time

Common time measurement

What do we want?

We want ¢ < % almost surely.

Lemma

p>log®(n)/n = Ale(l,% 2(1—p)/p)

For p > log®(n)/n

n (54) 1 =0=0 (5) = (et
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Adjacency matrix [l¢ time

Common time measurement

As

n (5) 1 =0 ()
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Adjacency matrix [l¢ time

Common time measurement

n (5) 1 =0 ()

then
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Adjacency matrix [l¢ time

Common time measurement

1 1
M—A)|-1|=0————,
1(np ) ’ (ﬁlog“(n)>

then

Result

All vertices can be found optimally with common measurement time t = 7./n
for p > log®(n)/n.
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Adjacency matrix [l¢ time

Common time measurement

1 1
M—A)|-1|=0————,
1(np ) ’ (ﬁlog“(n)>

then

Result

All vertices can be found optimally with common measurement time t = 7./n
for p > log®(n)/n.

almost all vertices can be found optimally

j all vertices can be found optimally

: 4 4
Iog‘z/2 n log> n log® n

0 T " T 1
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Laplacian matrix

7 -1 -1 -1 -1 -1 0 -1

-1 -1 -1 6 0 -1 -1 O
-1 -1 0

0o -1 -1 4 0 -1 0 O

0o -1 0 -1 -1 0 4 O 0 -1
-1 -1 0
0

0
0o -1 0 0 -1 2 0
-1 0 -1 -1 -1 0 -1 0 O 5
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Laplacian matrix

7 -1 -1 -1 -1 -1 0 -1

-1 -1 -1 6 0 -1 -1 O
-1 -1 0

0o -1 -1 4 0 -1 0 O

0o -1 0 -1 -1 0 4 O 0 -1
-1 -1 0
0

0
0o -1 0 0 -1 2 0
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Laplacian matrix

Laplacian matrix

Properties:
o L=D—-A J
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Laplacian matrix

Properties:
o L=D—-A

0.014 -

0.0121

0.010

0.008

0.006 |-

0.004 |-

0.002 -

0.000
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Laplacian matrix

Properties:
o L=D—-A J

0.014 -

0.0121

0.010

0.008

0.006 |-

0.004 |-

0.002 -

0.000

@ outlying eigenvalue equals 0,
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Laplacian matrix

Properties:
o L=D—-A J
0.014
0.0121
0.010
0.008 -
0.006 |-
0.004 -
0.002 -
0000 0 50 100 150 200

@ outlying eigenvalue equals 0,

o spectrum of £ converge to 1
np
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Laplacian matrix

Recall that...

For p > %n'c’g(") a graph is almost surely connected.
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Recall that...
For p > %n'c’g(") a graph is almost surely connected. J
Then for p > w

L n—1

i 0-[s){s| + ;uflufﬂml
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Recall that...
For p > %n'c’g(") a graph is almost surely connected. J
Then for p > (L+2) log(n)
L n—1
i 0 [s) (s + Y pilpi) (il
i=1
and
L n—1
== [s)(s| = > (i — 1)) (.
i=1
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Recall that... J

For p > %n'c’g(") a graph is almost surely connected.

Then for p > (L+2) log(n)

L n—1
preil |s)(s| + > _ pil i) (i
i=1
and
L n—1
I i Is)(s| = > (i — 1) i) (pail-
i=1
Results

@ All vertices can be found optimally!
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Recall that...
For p > %n'c’g(") a graph is almost surely connected. J
Then for p > (L+2) log(n)
L n—1
i 0 [s) (s + Y pilpi) (il
i=1
and
L n—1
I i Is)(s| = > (i — 1) i) (pail-
i=1
Results

@ All vertices can be found optimally!

@ Common time measurement!

common time measurement for all vertices

| ,r[ |
log n

0 £ 1
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How about hiding...

%

veritces?

https://cats.lovetoknow.com/cat-pi lideshows /cats-who-fail-at-hiding
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When can we hide vertices?

< =e)log(n)

a graph almost surely contains isolated vertices.

Remember that...
For p J
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When can we hide vertices?

Remember that...

For p < %f’g(") a graph almost surely contains isolated vertices.

Result
Suppose p < (1 — &) log(n)/n for ¢ > 0. Then for both
@ adjacency matrix

o Laplacian matrix

there exist vertices which cannot be found in o(n).

Aleksandra Krawiec (1ITiS PAN) Vertices cannot be hidden... CEQIP, 14.06.2018 25 /30



When can we hide vertices?

Remember that...

For p < %f’g(") a graph almost surely contains isolated vertices.

Result
Suppose p < (1 — &) log(n)/n for ¢ > 0. Then for both
@ adjacency matrix

o Laplacian matrix

there exist vertices which cannot be found in o(n).

3
[ay
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Summary

IJ‘ucf need
the'main ideac

https://academichelp.net/academi i /essay /write-summary-essay.html
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o Adjacency matrix

almost all vertices can be found

all vertices can be found

vertices can be hidden common time measurement

| | : |

0 log n log®/2 n log® n log® n 1
n n n n
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o Adjacency matrix

almost all vertices can be found

all vertices can be found

vertices can be hidden common time measurement

| | : |

0 log n log®/2 n log® n log® n 1
n n n n

o Laplacian matrix

. . common time measurement for all vertices
vertices can be hidden

0 logn 1
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Ideas for future work

https://depositphotos.com /62068585 /stock-phot: ith d-sign.html
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What can be done?

What about p?

. (1+¢)logn
e Try to say something about ==~

matrix.

< p < (log®(n)/n) for adjacency
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What can be done?

What about p?

. (1+¢)logn
e Try to say something about ==~

matrix.

< p < (log®(n)/n) for adjacency

Other?

o Different random graph models,
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What can be done?

What about p?

. (1+¢)logn
e Try to say something about ==~

matrix.

< p < (log®(n)/n) for adjacency

Other?
o Different random graph models,
@ Various kinds of noise.
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Thank you for your attention!
Any questions?
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