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Introduction

There is a treasure...

hidden in the castle.

http://myocn.net/treasure-on-earth-treasure-in-heaven/
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Introduction

The problem

Classically?

Ω(n) at best

Quantumly?

O(
√
n) can be achieved

But..

For which graphs and
vertices does it work?
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Previous results

Which graphs were analysed?

Complete graphs (Childs et
al.)

O(
√
n)

Hyper-torus (Childs et al.) O(
√
n) for d > 4

Full binary trees (Philipp et
al.)

O(n
1
2+δ) for δ > 0

Lack of generality. . .
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Previous results

Erd®s-Rényi graph model

G = (V ,E ) - a simple undirected graph with vertex set V = {1, . . . , n} and
edge set E ⊂ V × V ; G(n, p)

Figure: https://www.researchgate.net/publication/313854183_WISDOM-II

connectivity threshold

0 1log n
n

contains isolated vertices connected
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Previous results

Result of Chakraborty et al.

Theorem (Chakraborty et al.)

Quantum spatial search is optimal (i.e.vertex can be found in O(
√
n)) for �nding

almost all vertices on almost all Erd®s-Rényi graphs.

Questions:

Is it possible to �hide� a vertex in a graph?

Can we obtain common time measurement for all vertices?
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Continuous-time quantum spatial search

Continuous-time quantum spatial search

graph matrix

at t = 0 equal superposition
of canonic states

|ψ̇〉 = i( γ M + |ω〉〈ω| ) |ψ〉

normalizing constant

dyad of search element
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Continuous-time quantum spatial search

Properties of continuous-time quantum spatial search

Time needed for quantum spatial search is O( 1
|〈ω|λ1〉| ).

Probability of measuring a given vertex |ω〉 in time t is

Pω(t) = |〈ω| exp (−i(γM + |ω〉〈ω|)t) |s〉|2 .

Quantum spatial search is optimal if there exists a starting state |s〉 and the
value of γ such that after time t = O(

√
n) we have

Pω(t) > const > 0.
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Graph matrices

Graph spectra

Adjacency matrix A Laplacian L

〈v |A|w〉 = 1 i� (v ,w) ∈ E
L = D − A, where 〈v |D|v〉 =
deg(v)

0 50 100 150 200 250 300

0.000

0.005

0.010

0.015

0.020

outlying eigenvalue, close to np

0 50 100 150 200 250 300 350

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

outlying eigenvalue, exactly 0
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Adjacency matrix

Adjacency matrix



0 1 1 1 1 1 0 1 0 1
1 0 0 1 1 0 1 1 0 0
1 0 0 1 0 0 0 0 0 1
1 1 1 0 0 1 1 0 0 1
1 1 0 0 0 1 1 0 1 1
1 0 0 1 1 0 0 1 0 0
0 1 0 1 1 0 0 0 0 1
1 1 0 0 0 1 0 0 1 0
0 0 0 0 1 0 0 1 0 0
1 0 1 1 1 0 1 0 0 0



1

2

34

5

6

7

8 9

10
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Adjacency matrix Previous results for adjacency matrix

Result by Chakraborty et al.

Recall the last...

Theorem (Chakraborty et al.)

Quantum spatial search is optimal for �nding almost all vertices on almost all
Erd®s-Rényi graphs.

More technically...

If

max{|λ2|, |λn|} ≤ c � λ1 = 1,

|λ1〉 = |s〉 = 1√
n

∑
i |i〉,

then

after time O(
√
n) we have Pω(t) ≥ 1−c

1+c − o(1).
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Adjacency matrix Previous results for adjacency matrix

How did they do it?

Lemma (Chakraborty et al.)

Let

A - an adjacency matrix of Erd®s-Rényi random graph G(n, p),

|s〉 = 1√
n

∑
v |v〉 = α|λ1〉+ β|λ⊥1 〉.

Then
α = 〈s|λ1〉 = 1− o(1)

almost surely for p ≥ log3/2(n)
n .

0 1log3/2 n
n

almost all vertices can be found optimally
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Adjacency matrix Previous results for adjacency matrix

Where is the problem?

Measure of closeness

Their idea:
1− |〈φ|ψ〉|

Our idea:
‖ · ‖∞

What do we need?

We want

‖|λ1〉 −
1√
n

∑
v

|v〉‖∞ = o(
1√
n

).
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Adjacency matrix Our results for adjacency matrix

Theorem

Suppose A is an adjacency matrix of a G(n, p) graph with p � log3(n)/n. Let
|λ1〉 denote the eigenvector corresponding to the largest eigenvalue of A and let
|s〉 = 1√

n

∑
v |v〉. Then

‖|λ1〉 − |s〉‖∞ = o

(
1√
n

)
with probability 1− o(1).

Result

All vertices can be found optimally for p � log3(n)/n.

0 1log3/2 n
n

log3 n
n

almost all vertices can be found optimally

all vertices can be found optimally
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Adjacency matrix Common time measurement

Common time measurement

http://ogaps.tamu.edu/Blog/Blog/September-2017/What-is-Love%E2%80%A6-of-Time
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Adjacency matrix Common time measurement

Common time measurement

Suppose ∣∣∣∣λ1( 1

np
A

)
− 1

∣∣∣∣ ≤ δ −→ 0.

then

Pω(t) = |〈ω| exp (−i(γM + |ω〉〈ω|)t) |s〉|2 ≈ 1

1 + nδ2/4
sin2

(
t

√
δ2/4 +

1

n

)

for all vertices.

But...

δ = O( 1√
n

) =⇒ optimal time t may depend on graph.

Warning

Optimal time may not be the same for all vertices!
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Optimal time may not be the same for all vertices!
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Adjacency matrix Common time measurement

Common time measurement

What do we want?

We want δ � 1√
n
almost surely.

Lemma

p � log8(n)/n =⇒ λ1 ∼ N
(
1, 1n
√
2(1− p)/p

)

For p � log8(n)/n∣∣∣∣λ1( 1

np
A

)
− 1

∣∣∣∣ ≤ δ = O
(

1

n
√
p

)
= O

(
1

√
n log4(n)

)
.
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Adjacency matrix Common time measurement

Common time measurement

As ∣∣∣∣λ1( 1

np
A

)
− 1

∣∣∣∣ = O
(

1
√
n log4(n)

)
,

then

Pω(t) ≈ 1

1 + nδ2/4
sin2

(
t

√
δ2/4 +

1

n

)
≈ sin2

(
t√
n

)
.

Result

All vertices can be found optimally with common measurement time t = π
2

√
n

for p � log8(n)/n.

0 1log3/2 n
n

log3 n
n

log8 n
n

almost all vertices can be found optimally
all vertices can be found optimally

common time measurement
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Laplacian matrix

Laplacian matrix

http://niezalezna.pl/205751-bedzie-kolejny-quotmatrixquot
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Laplacian matrix

Laplacian matrix



7 −1 −1 −1 −1 −1 0 −1 0 −1
−1 5 0 −1 −1 0 −1 −1 0 0
−1 0 3 −1 0 0 0 0 0 −1
−1 −1 −1 6 0 −1 −1 0 0 −1
−1 −1 0 0 6 −1 −1 0 −1 −1
−1 0 0 −1 −1 4 0 −1 0 0
0 −1 0 −1 −1 0 4 0 0 −1
−1 −1 0 0 0 −1 0 4 −1 0
0 0 0 0 −1 0 0 −1 2 0
−1 0 −1 −1 −1 0 −1 0 0 5



1

2

34

5

6

7

8 9

10
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Laplacian matrix

Laplacian matrix

Properties:

L = D − A,

0 50 100 150 200 250 300 350

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

outlying eigenvalue equals 0,

spectrum of L
np converge to 1
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Laplacian matrix

Recall that...

For p > (1+ε) log(n)
n a graph is almost surely connected.

Then for p > (1+ε) log(n)
n

L

np
= 0 · |s〉〈s|+

n−1∑
i=1

µi |µi 〉〈µi |

and

I− L

np
= |s〉〈s| −

n−1∑
i=1

(µi − 1)|µi 〉〈µi |.

Results

All vertices can be found optimally!

Common time measurement!

0 1log n
n

common time measurement for all vertices
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Hiding vertices

How about hiding...

veritces?

https://cats.lovetoknow.com/cat-pictures-slideshows/cats-who-fail-at-hiding
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Hiding vertices

When can we hide vertices?

Remember that...

For p < (1−ε) log(n)
n a graph almost surely contains isolated vertices.

Result

Suppose p ≤ (1− ε) log(n)/n for ε > 0. Then for both

adjacency matrix

Laplacian matrix

there exist vertices which cannot be found in o(n).

0 1log n
n

you can hide vertices
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Summary

Summary

https://academichelp.net/academic-assignments/essay/write-summary-essay.html
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Summary

Adjacency matrix

0 1log n
n

log3/2 n
n

log3 n
n

log8 n
n

vertices can be hidden common time measurement

almost all vertices can be found

all vertices can be found

Laplacian matrix

0 1log n
n

vertices can be hidden
common time measurement for all vertices
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Ideas for future work

https://depositphotos.com/62068585/stock-photo-man-with-a-road-sign.html
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Ideas for future work

What can be done?

What about p?

Try to say something about (1+ε) log n
n < p � (log8(n)/n) for adjacency

matrix.

Other?

Di�erent random graph models,

Various kinds of noise.
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The end

Thank you for your attention!

Any questions?
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