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Decohering channel D
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Given a fixed basis {j} with j € {1,2,...,d} J

(jlplj): occupations p;
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Gk = 0,pj — pj
D(p1) = D(p2) = D(p3) = p1.
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Incoherent (classical) state p is identified with probability distribution p.

p=D(p) =3 pili)
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Coherence of quantum states

Incoherent (classical) state p is identified with probability distribution p.

p=Dp) =Y pliGl " o

[3)3

Classical state space 122l

= 111 [0)0] 1)1

probability simplex

[0X0]

[11]

Coherence measures (distance from incoherent states):

Ce(p) = S(plID(p)) = S(P) — S(A(p))
G(p) = llp—D(p)lIEs = A(p) - A(p) —p- P
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Coherifying of quantum states
Decohering channel D:

p 2 pP = diag(p)

Coheryfication C is a formal (not unique!) inverse

of D: c
p = diag(p) — p°

One can always optimally coherify a classical state p:
p = diag(p) == [¥)(w] with =" /peilj)
J
C(|)(w))=S(p) C()W)=1~p-p.

How many distinct ways to coheryfy?
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Given a fixed basis {|))}. (1®(|k)(k|)Lj): classical action Tj
with j € {1,2,...,d} (j|®(|m){n|)|k): action involving coherences
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Coherence of quantum channels

Given a fixed basis {|/)},
with j € {1,2, ..., d}

Choi-Jamiotkowski isomorphism
channel ® +— bipartite state Jo

CPTP conditions are translated
into:

Relation between Jy and T:

Vectorising classical action:

(1®(|k)(k|)Lj): classical action Tj
(j|®(|m){n|)|k): action involving coherences

Jy = g(@@D)QNQ], Q) =7, i)
Jo >0, tl"l(./q;) = %]1

Uk\J¢|jk> = %Tjk

diag(Jo) = 3|T)), where | T)) = T ® 1|Q)
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Coherence of quantum channels

Classical channels are defined as channels with incoherent (classical) Jamio’fkowskiJ
state.

Z. Puchata (IITiS PAN) [



Coherence of quantum channels

Classical channels are defined as channels with incoherent (classical) Jamiotkowski
state.

Action of classical channel with classical action T

p D(p) = ZPJIJOIHG—Z% Y(j| with g = Tp

Z. Puchata (IITiS PAN) Coherifying* 15-06-2018 10/ 23




Coherence of quantum channels

Classical channels are defined as channels with incoherent (classical) Jamiotkowski
state.

v

Action of classical channel with classical action T

p D(p) = ZPJ|J(I|'—>U—ZQJ Y(j| with g = Tp

Define a coherence measures of ® through coherence measures of Jg

C(®) = SCHTN) ~ SAUs)),  Gl®) = AJda) - AUo) — & {(TIIT)

Z. Puchata (IITiS PAN) Coherifying* 15-06-2018 10/ 23



Coherence of quantum channels

Classical channels are defined as channels with incoherent (classical) Jamiotkowski
state.

4

Action of classical channel with classical action T

p D(p) = ZPJ|J<!|'—>U—ZQJ Y(j| with g = Tp

Define a coherence measures of ® through coherence measures of Jg

C(®) = SCHTN) ~ SAUs)),  Gl®) = AJda) - AUo) — & {(TIIT)

Similarly to:

Ce(p) = S(plID(p)) = S(p) — S(A(p))
G(p) =Ap)-Ap)—p-p

Z. Puchata (IITiS PAN) Coherifying* 15-06-2018 10/ 23



Coherence of quantum channels

Classical channels are defined as channels with incoherent (classical) Jamiotkowski
state.

4

Action of classical channel with classical action T

p D(p) = ZPJ|J<!|'—>U—ZQJ Y(j| with g = Tp

Define a coherence measures of ® through coherence measures of Jg

C(®) = SCHTN) ~ SAUs)),  Gl®) = AJda) - AUo) — & {(TIIT)

Similarly to:
Ce(p) = S(PlID(p)) = S(p) = S(A(P))
G(p) =Ap)-Ap)—p-p
Optimising coherence of ® with fixed T <= optimising A\(Jo). |
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Coherence of quantum channels

Decohering operation D

® with diag(Jo) = 1| T)) = ®P with Joo = D(Jo) = Ldiag(|T)))

Coherification C (not unique!) inverse of D
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Coherence of quantum channels

Decohering operation D

® with diag(Jo) = 1| T)) = ®P with Joo = D(Jo) = Ldiag(|T)))

Coherification C (not unique!) inverse of D

® with Jo = D(Jo) = Ldiag(|T))) — o€ with diag(Joc) = 5| T))

Can one always optimally coherify a classical map T7

2IT)) = [) (] with Example
) = 2 5 v/ Tie s jk) T=1lo0l
= = . _kel ik | T
S ) = %(|oo>+|11>)
No! TP condition requires try|1) (v = L1

tr1|y) (Y] = |+)(+|
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Categories of classical actions

Example of T € By and T ¢ Uy
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Categories of classical actions

Example of T € By and T ¢ Uy
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U is not unitary!
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Categories of classical actions

Example of T € By and T ¢ Uy
Stochastic Ty

Ty = lro11 1 0 e%12 /%13
ZzTZJ 1 T — |:1 0 1i| , U —_-— ei921 0 e/'623 ,
21110 V2 | e o2 g

YT =3,T=1 U is not unitary!

Bistochastic By

Krauss decomposition and classical
action:

®()=> KK, D KoK=T

J

Hadamard product:
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Categories of classical actions

Stochastic Ty
>iTi=1

Bistochastic By
2Ty =2,T;=1

nistochastic Uy
T=UoU

Hadamard product:
(A 9] B)jk = AjkBjk

Example of T € By and T ¢ Uy

11011 1 0 €12 /13
7-27[101}7 U= —|e% ¢ 3|,
21110 ﬂ o031 oif2 g

U is not unitary!

Krauss decomposition and classical

action:

o)=Y KOK, Y KoK=T

J

® can be completely coherified <= T is unistochastic
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Coherification upper-bound

Majorization partial order: p - q <=V Zjlle pji > Zj;l qf
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Coherification upper-bound

Majorization partial order: p=q<= VY ZJ’.‘ZI pji > ZJ’.‘ZI qji
Important because: p=q=S(p)<S(g)andp-p>q-q
Look for ™ (T) such that: Vo with diag(Jo) = 2| T)) : = (T) = A(Jo)
Why?

To upper-bound C, or G

Procedure to obtain upper-bounding p~(T)

0.7 0.2 0.6
T=1]01 06 04
02 02 O
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Coherification upper-bound

Majorization partial order: p=q<= VY ZJ’.‘ZI pji > ZJ’.‘ZI qji
Important because: p=q=S(p)<S(g)andp-p>q-q
Look for ™ (T) such that: Vo with diag(Jo) = 2| T)) : = (T) = A(Jo)
Why?

To upper-bound C, or G

Procedure to obtain upper-bounding p~(T)

07 0.2 0.6 _ 1.5
T=101 06 04| ™" ]1.1
02 02 0 0.4
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Coherification upper-bound

Majorization partial order: p=q<= VY ZJ’.‘ZI pji > ZJ’.‘ZI qji
Important because: p=q=S(p)<S(g)andp-p>q-q
Look for ™ (T) such that: Vo with diag(Jo) = 2| T)) : = (T) = A(Jo)
Why?

To upper-bound C, or G

Procedure to obtain upper-bounding p~(T)

07 02 06 _ 15] 1 05 0
T=101 06 04| umingews 1| dstite ) 1 59 9
02 02 0 0.4 04 0 0

Z. Puchata (IITiS PAN) Coherifying* 15-06-2018 14 / 23



Coherification upper-bound

Majorization partial order: p=q<= VY ZJ’.‘ZI pji > ZJ’.‘ZI qji
Important because: p=q=S(p)<S(g)andp-p>q-q
Look for ™ (T) such that: Vo with diag(Jo) = 2| T)) : = (T) = A(Jo)
Why?

To upper-bound C, or G

Procedure to obtain upper-bounding p~(T)

0.7 02 06 . 15] [1 05 0] wnncoums [0.8]"
T=01 06 04 2moms 1] e 1 g1 of 2@ o
02 02 0 0.4 04 0 0 0
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Optimal coherification of qubit channels
Classical action of a qubit channel:
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Optimal coherification of qubit channels
Classical action of a qubit channel:  Optimally coherified channel:

T:[ a 1—b] _ [a B} ¢ = w(U(-)Uh

1-a b 5 b
G
Vb va

with unitary

1

\/a—f-l;

U:
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Optimal coherification of qubit channels
Classical action of a qubit channel:  Optimally coherified channel:

T:Lia 1;1)] B [Z ﬂ with unitary T
y—_ L |va —Vb

and V() = Ly(-)L] + Ly(-) L] with
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Optimal coherification of qubit channels
Classical action of a qubit channel:  Optimally coherified channel:

[ a 1-b]_[a b o = w(U(-)Uf
T_[l—a b]_'[é b} (wHuh
with unitary
100l _
U L va —Vb
Vatb|Vb a

and V() = Ly(-)L] + Ly(-)L} with

[+)(+]

s+b 0 L — 0 0
0 1l 27 |vb=a 0

111

12 1
TZEL 5]
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Bistochastic classical action

For bistochastic T majorization upper-bound becomes trivial }

[1,0,...,0]" = ™ = \(Js)
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Bistochastic classical action

For bistochastic T majorization upper-bound becomes trivial J

[1,0,...,0]" = ™ = \(Js)

Any non-trivial bound which
describes the
unistochastic-bistochastic boundary
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Bistochastic classical action

For bistochastic T majorization upper-bound becomes trivial J

[1,0,...,0]" = = = \(Us)

=1

~

010 1.0

= [0 0 1} 0.9
100

0.8

Any non-trivial bound which

describes the

unistochastic-bistochastic boundary B
3

0.7
0.6

IT

Developed a family of bounds based on polygon constraints
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Coherence and classical randomness

Evolution of a pure quantum state |1)) under the action of channel ¢
T
S(|$) () Z Kilw) (| K]

can be interpreted as incoherent mixture of pure state transformations

) > %thﬁ) with probability q; = trK;|4) (1| K.
i

Path probability averaged over all pure states,

1
(@) = KU}y K = StrkGKT = X(Jo)
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Perfectly distinguishable state coherifications

One can always optimally coherify state p

p= diag(p) > [y with =" v/pre®|k)
k
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Perfectly distinguishable state coherifications

One can always optimally coherify state p

p = diag(p) > [y with ¥ =3 /Bre® (k)
k

Classical versions of such states |1;) are the same and thus indistinguishable.
Hover, |1;) may by distinguished in different bases.
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Perfectly distinguishable state coherifications

One can always optimally coherify state p
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p = diag(p) == [U) (W] with v =" v/pre'|k)
k

Classical versions of such states |1;) are the same and thus indistinguishable.
Hover, |1;) may by distinguished in different bases.

Question

[oX0] [0)0]

How many perfectly distinguishable """/ (VoK ‘L
states with classical version p are =X A
there?

[1Y(1] (11|
p=1[3/4,1/4] p=1[1/2,1/2]
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Necessary condition for N-distinguishability

Necessary condition

N perfectly distinguishable states {t);} with

= Vk:pe < L
(ki) 1? = px Pk=nw

Orthogonal {|¢;)} could form columns  Corresponding unistochastic matrix:
of unitary matrix

ple’:le N e’:zl’v . pL ... p1
pee'Pr L. pre'®n _ P2 ... P2
U= . ] . ) UolU=]|. .

Jpaetn .. /pgeltm .. Pd ... Pd

But rows must sum to 1!
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Distinguishing channel coherifications

Channels {®U)} with fixed action T are perfectly distinguishable iff:
Ipas {CDU) ® 1(pag)} are perfectly distinguishable

If 3p {®U)(p)} are perfectly distinguishable then no entanglement is needed
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Distinguishing channel coherifications

Channels {®U)} with fixed action T are perfectly distinguishable iff:

Ipas {CDU) ® 1(pag)} are perfectly distinguishable

If 3p {®U)(p)} are perfectly distinguishable then no entanglement is needed

Type of classical action

Number of perfectly
distinguishable channels

Requires entanglement

Unistochastic
Unistochastic
Bistochastic

Such that Ty < %

No
Yes
Yes
No
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