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Motivating examples

Quantum state ρ

What p tells us about ρ?
p = [1, 0]

p = [3/4, 1/4]
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Coherence of quantum states

Given a fixed basis {j} with j ∈ {1, 2, . . . , d}
〈j |ρ|j〉: occupations pj
〈j |ρ|k〉: coherences cjk

Decohering channel D

D(ρ) =
∑
j

〈j |ρ|j〉|j〉〈j |

cjk → 0, pj → pj

D(ρ1) = D(ρ2) = D(ρ3) = ρ1.
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Coherence of quantum states

Incoherent (classical) state ρ is identified with probability distribution p.

ρ = D(ρ) =
∑
j

pj |j〉〈j |

Classical state space
=

probability simplex

Coherence measures (distance from incoherent states):

Ce(ρ) = S(ρ||D(ρ)) = S(p)− S(λ(ρ))

C2(ρ) = ‖ρ−D(ρ)‖2HS = λ(ρ) · λ(ρ)− p · p
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Coherifying of quantum states

Decohering channel D:

ρ
D7−→ ρD = diag(p)

Coheryfication C is a formal (not unique!) inverse
of D:

ρ = diag(p)
C7−→ ρC

One can always optimally coherify a classical state p:

ρ = diag(p)
C7−→ |ψ〉〈ψ| with ψ =

∑
j

√
pje

iφj |j〉

Ce(|ψ〉〈ψ|) = S(p) C2(|ψ〉〈ψ|) = 1− p · p.

How many distinct ways to coheryfy?
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Coherence of quantum channels

Given a fixed basis {|j〉},
with j ∈ {1, 2, . . . , d}

〈j |Φ(|k〉〈k |)|j〉: classical action Tjk

〈j |Φ(|m〉〈n|)|k〉: action involving coherences

Choi-Jamiołkowski isomorphism
channel Φ←→ bipartite state JΦ

Jφ = 1
d (Φ⊗ 1l)|Ω〉〈Ω| , |Ω〉 =

∑
j |jj〉

CPTP conditions are translated
into:

JΦ ≥ 0, tr1(JΦ) = 1
d 1l

Relation between JΦ and T : 〈jk|JΦ|jk〉 = 1
dTjk

Vectorising classical action: diag(JΦ) = 1
d |T 〉〉, where |T 〉〉 = T ⊗ 1l|Ω〉
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Coherence of quantum channels

Classical channels are defined as channels with incoherent (classical) Jamiołkowski
state.

Action of classical channel with classical action T

ρ 7→ D(ρ) =
∑
j

pj |j〉〈j | 7→ σ =
∑
j

qj |j〉〈j | with q = Tp

Define a coherence measures of Φ through coherence measures of JΦ

Ce(Φ) = S(
1
d
|T 〉〉)− S(λ(JΦ)), C2(Φ) = λ(JΦ) · λ(JΦ)− 1

d2
〈〈T ||T 〉〉

Similarly to:

Ce(ρ) = S(ρ||D(ρ)) = S(p)− S(λ(ρ))

C2(ρ) = λ(ρ) · λ(ρ)− p · p

Optimising coherence of Φ with fixed T ⇐⇒ optimising λ(JΦ).
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Coherence of quantum channels

Decohering operation D
Φ with diag(JΦ) = 1

d |T 〉〉 7→ ΦD with JΦD = D(JΦ) = 1
d diag(|T 〉〉)

Coherification C (not unique!) inverse of D
Φ with JΦ = D(JΦ) = 1

d diag(|T 〉〉) 7→ ΦC with diag(JΦC ) = 1
d |T 〉〉

Can one always optimally coherify a classical map T?

1
d |T 〉〉 7→ |ψ〉〈ψ| with

|ψ〉 = 1√
d

∑
jk

√
Tjke

iφjk |jk〉

No! TP condition requires tr1|ψ〉〈ψ| = 1
d 1l

Example

T = [ 1 10 0 ]

|ψ〉 =
1√
2

(|00〉+ |11〉)

tr1|ψ〉〈ψ| = |+〉〈+|
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∑
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Coherification upper-bound

Majorization partial order: p � q ⇐⇒ ∀k
∑k

j=1 p
↓
j ≥

∑k
j=1 q

↓
j

Important because: p � q =⇒ S(p) ≤ S(q) and p · p ≥ q · q

Look for µ�(T ) such that: ∀Φ with diag(JΦ) = 1
d |T 〉〉 : µ�(T ) � λ(JΦ)

Why?
To upper-bound Ce or C2

Procedure to obtain upper-bounding µ�(T )

T =

0.7 0.2 0.6
0.1 0.6 0.4
0.2 0.2 0

 sum in rows=⇒

1.5
1.1
0.4

 distribute=⇒

 1 0.5 0
1 0.1 0

0.4 0 0

 sum in columns
and normalize

=⇒

0.8
0.2
0

>
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Optimal coherification of qubit channels
Classical action of a qubit channel:

T =

[
a 1− b

1− a b

]
=:

[
a b̃
ã b

]

Optimally coherified channel:

ΦC = Ψ(U(·)U†)

with unitary

U =
1√
a + b̃

[√
a −

√
b̃√

b̃
√
a

]

and Ψ(·) = L1(·)L†1 + L2(·)L†2 with

L1 =

[√
s + b̃ 0
0 1

]
, L2 =

[
0 0√
b − a 0

]

Z. Puchała (IITiS PAN) Coherifying* 15-06-2018 15 / 23



Optimal coherification of qubit channels
Classical action of a qubit channel:

T =

[
a 1− b

1− a b

]
=:

[
a b̃
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Bistochastic classical action

For bistochastic T majorization upper-bound becomes trivial

[1, 0, . . . , 0]> = µ� � λ(JΦ)

Any non-trivial bound which
describes the
unistochastic-bistochastic boundary

Developed a family of bounds based on polygon constraints
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Coherence and classical randomness

Evolution of a pure quantum state |ψ〉 under the action of channel Φ

Φ(|ψ〉〈ψ|) =
∑
j

Kj |ψ〉〈ψ|K †j

can be interpreted as incoherent mixture of pure state transformations

|ψ〉 7→ 1
√
qj
Kj |ψ〉 with probability qj = trKj |ψ〉〈ψ|K †j .

Path probability averaged over all pure states,

〈qj〉ψ = trKj〈|ψ〉〈ψ|〉ψK †j =
1
d
trKjK

†
j = λj(JΦ)
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Perfectly distinguishable state coherifications

One can always optimally coherify state p

ρ = diag(p)
C7−→ |ψj〉〈ψj | with ψ =

∑
k

√
pke

iφjk |k〉

Classical versions of such states |ψj〉 are the same and thus indistinguishable.
Hover, |ψj〉 may by distinguished in different bases.

Question
How many perfectly distinguishable
states with classical version p are
there?
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Necessary condition for N-distinguishability

Necessary condition
N perfectly distinguishable states {ψi} with

|〈k |ψj〉|2 = pk
=⇒ ∀k : pk ≤ 1

N

Orthogonal {|ψj〉} could form columns
of unitary matrix

U =


√
p1e

iφ11 . . .
√
p1e

iφ1N . . .√
p2e

iφ21 . . .
√
p1e

iφ2N . . .
...

. . .
...

. . .√
pde

iφd1 . . .
√
pde

iφdN . . .



Corresponding unistochastic matrix:

U ◦ U =


p1 . . . p1 . . .
p2 . . . p2 . . .
...

. . .
...

. . .
pd . . . pd . . .


But rows must sum to 1!
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Distinguishing channel coherifications

Channels {Φ(j)} with fixed action T are perfectly distinguishable iff:

∃ρAB {Φ(j) ⊗ 1l(ρAB)} are perfectly distinguishable

If ∃ρ {Φ(j)(ρ)} are perfectly distinguishable then no entanglement is needed

Type of classical action Number of perfectly
distinguishable channels

Requires entanglement

Unistochastic d No
Unistochastic d + 1, . . . , d2 Yes
Bistochastic 2 Yes
Such that Tjk ≤ 12 2 No
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Outlook

Are optimally coherified channels extremal? Have vanishing minimum output
entropy? Other special properties?

Stronger links between coherifications and channel irreversibility?

Formal relation between the number of perfectly distinguishable states and
information loss due to decoherence?

Applications in cryptographic protocols? Partial tomography?

Based on

New J. Phys. 20, 043028 (2018) [arXiv:1710.04228]

work in progress

Thank you!
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