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OUTLINE
• From Heisenberg to quantum information theory 

• Widening the playground: Operational Probabilistic Theories  

• Disturbance and correlations 

• Information extraction 

• (No) information without disturbance 

• Compatibility: strong and weak 

• Full compatibility 

• MCT: no information without disturbance + full compatibility of observation tests



HEISENBERG’S GAMMA-RAY EXPERIMENT

Statistical meaning: there is no quantum state such that most accurate predictions of x and p have
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Thought experiment used to justify intuitively the uncertainty principle
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The thought experiment actually introduces two different but related problems:  
1) position and momentum measurements are incompatible; 
2)can we measure a system without disturbing its state?



- In quantum information theory: definition by negation 

- Non-disturbing measurement: state after the measurement equal to the one before 
 
 
 

- This is possible only if  

- “No information without disturbance”
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- Equivalent notion of (no-)disturbance: 
 
 
 
 
 

- Quantum information is quantum entanglement: 
 
“…we conclude that the deepest answer to the question is that quantum information 
lies in the entanglement between systems. Quantum communication, in this view, is 
fundamentally about the transfer of that entanglement from one system to another…” 
B. Schumacher and M. Westmoreland, “Quantum Processes, Systems & Information”, Cambridge University Press (2010) 

EQUIVALENT DEFINITION OF DISTURBANCE
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OPERATIONAL PROBABILISTIC THEORIES (IN A NUTSHELL)
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PROBABILISTIC STRUCTURE

Probabilistic 
structure:

⇢i A aj := Pr[i, j]
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PROBABILISTIC STRUCTURE

Probabilistic 
structure:
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- Atomic event: an event that can be refined only trivially 
 
 
 
 
 
 
 
 
 
 
 
 

ATOMIC EVENTS

<latexit sha1_base64="9JknsZcREZLMSNUYaAAjRNtyhr0="></latexit>

A =
X

j

Aj ) Aj = pjA

+



- Strong causality: arbitrary conditioning 
 
 

- Implies weak causality:  
 

- Uniqueness of the deterministic effect

CAUSAL THEORIES
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- Local discriminability: it is possible to distinguish bipartite states by local observations

LOCAL DISCRIMINABILITY

⇒≠ 
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- Local discriminability⇒ transformations↔ local action

LOCAL DISCRIMINABILITY

⇒≠A
<latexit sha1_base64="ltEz0ph3lCmRU7eRiBfpXKKoejE="></latexit> B

<latexit sha1_base64="EPpti/QMo5brXZqZEXK1cLmHPlc="></latexit>

<latexit sha1_base64="EmpPNlA8NQFqhDJwLcHETsuHvDA="></latexit>

T1
A

<latexit sha1_base64="ltEz0ph3lCmRU7eRiBfpXKKoejE="></latexit> B
<latexit sha1_base64="EPpti/QMo5brXZqZEXK1cLmHPlc="></latexit>

<latexit sha1_base64="9L3UO65JYu59gKD/NzVDFsBBuqw="></latexit>

T2
<latexit sha1_base64="jW2agD7rKccCUnfJCfzWqhmyft0="></latexit>

9 <latexit sha1_base64="LhdC/qT4sidFVhyc7DyP+Yeyhg0="></latexit>⇢ ≠A
<latexit sha1_base64="ltEz0ph3lCmRU7eRiBfpXKKoejE="></latexit> B

<latexit sha1_base64="EPpti/QMo5brXZqZEXK1cLmHPlc="></latexit>

<latexit sha1_base64="EmpPNlA8NQFqhDJwLcHETsuHvDA="></latexit>

T1
A

<latexit sha1_base64="ltEz0ph3lCmRU7eRiBfpXKKoejE="></latexit> B
<latexit sha1_base64="EPpti/QMo5brXZqZEXK1cLmHPlc="></latexit>

<latexit sha1_base64="9L3UO65JYu59gKD/NzVDFsBBuqw="></latexit>

T2
<latexit sha1_base64="LhdC/qT4sidFVhyc7DyP+Yeyhg0="></latexit>⇢ <latexit sha1_base64="LhdC/qT4sidFVhyc7DyP+Yeyhg0="></latexit>⇢



- Local discriminability ⇒ transformations ↔ local action 
 
 
 
 

- No local discriminability ⇒ it can happen that
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- Existence of purification: 
 
 
 
 
 
 

- Uniqueness of purification
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INFORMATION AND DISTURBANCE



- (No-)Disturbance on correlations: the definition for general theories 

- There are indeed situations where 
 
 
 
 
but

DISTURBANCE OF CORRELATIONS
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- The usual definition is inadequate in the absence of local discriminability

NON-DISTURBING TESTS



- The usual definition is inadequate in the absence of local discriminability

- Definition (non-disturbing test):  is non-disturbing if{Ai}i2X

NON-DISTURBING TESTS
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- Consider a test of a theory
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- Consider a test of a theory 
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NO-INFORMATION TEST
Definition:                       Given the test {Ai}i2X
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- We say that a theory has no information without disturbance if

NO INFORMATION WITHOUT DISTURBANCE

{Ai}i2X non-disturbing  ⇒ {Ai}i2X no-information

G. M. D’Ariano, PP, and A. Tosini, Quantum 4, 363 (2020).



- We say that a theory has no information without disturbance if  
 
 
 
 

- Theorem: a theory has NIWD iff the identity transformation is atomic for every system

NO INFORMATION WITHOUT DISTURBANCE

{Ai}i2X non-disturbing  ⇒ {Ai}i2X no-information

IA =
X

i

Ai ⇒ Ai / IA

G. M. D’Ariano, PP, and A. Tosini, Quantum 4, 363 (2020).



- A theory has NIWD    for every system there exists a reversible atomic transformation 

- Sufficient condition for NIWD: convexity + existence of purification 
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- What if the identity map is not atomic?
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- What if the identity map is not atomic?

- Theorem: for every system the atomic decomposition of the identity is “unique”, and 
 
 
 

- Information without disturbance: classical information

- Decomposition of the identity ⇒ decomposition of the sets of states and effects

INFORMATION WITHOUT DISTURBANCE
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G. M. D’Ariano, PP, and A. Tosini, Quantum 4, 363 (2020).
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COMPATIBILITY OF TESTS



- Question: what does it mean for two tests to be compatible? 

- For observation tests: widely studied in the quantum literature 

- POVMs  and  are compatible if there exists a POVM  s.t. 

-
 

-  - Possibility to gather information about both outcomes in a single experiment
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- Two tests are weakly compatible if they do not exclude each other
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- Strong compatibility implies weak compatibility

- The converse is not true: quantum channels

QUANTUM CHANNELS

<latexit sha1_base64="C90Nrf51ZLBEePQbaxZ220pMz90="></latexit>

A
C

B =

A

U

B

⌘ E F
I

<latexit sha1_base64="IiWOS+xL8oijfv+7QhAwj1We/Go="></latexit>

A
D

C =

A

U

B

U �1

A

V

C

⌘ E F E G
I

G. M. D’Ariano, PP, and A. Tosini, J. Phys. A: Math. Theor. 55 394006 (2022)



- Strong compatibility implies weak compatibility

- The converse is not true: quantum channels

- Quantum instruments are not weakly compatible

QUANTUM CHANNELS

<latexit sha1_base64="C90Nrf51ZLBEePQbaxZ220pMz90="></latexit>

A
C

B =

A

U

B

⌘ E F
I

<latexit sha1_base64="IiWOS+xL8oijfv+7QhAwj1We/Go="></latexit>

A
D

C =

A

U

B

U �1

A

V

C

⌘ E F E G
I

G. M. D’Ariano, PP, and A. Tosini, J. Phys. A: Math. Theor. 55 394006 (2022)



- Strong compatibility implies weak compatibility

- The converse is not true: quantum channels 
 
 
 
 
 
 

- Quantum instruments are not weakly compatible

- Irreversibility by discarding ancillary systems (entails weak compatibility) 
 
is radically different from  
 
irreversibility by gathering information (entails weak incompatibility)
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- Definition: A theory has full compatibility if every two tests are weakly compatible 

- Lemma: A theory has full compatibility iff every test does not exclude the identity 

- In this case we say that the theory has full-information without disturbance 

FULL COMPATIBILITY
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UNCERTAINTY VS INCOMPATIBILITY



- Full compatibility holds if and only if full information without disturbance does
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- Full compatibility holds if and only if full information without disturbance does

- Necessary condition: every system has a “classical state space”
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- Necessary condition: every system has a “classical state space” 
 
 
 
 
 
 
 
 

- The composition rule and transformations are not necessarily classical
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- Is a classical state space sufficient for full compatibility?
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- One might build a theory with no information without disturbance,  
though without uncertainty
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- State and effect space: classical
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- State and effect space: classical

- Tests:
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limit instruments—are of the form
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where {ρx}x∈X
∈ Prep (CB′) and {ay}y∈Y

∈ Obs (CA′)
are generic preparation- and observation-instruments,
S(1) and S(2) are generic permutations [24]. Notice that
there is some degree of arbirariness in the choice of the
systems A′, B′, C, E, and in some cases they can be taken
as the trivial system I. As a consequence of the realisa-
tion scheme of tests in Eq. (4), MCT satisfies the property
called no-information without disturbance [7, 10, 13, 25].
This consists in the fact that every test whose full coarse-
graining is the identity transformation (no-disturbance)
has a probability distribution that does not depend on
the input state (no-information). This fact was first ob-
served in QT [7, 13], while it does not hold in CT, where
all the measurements on a system can be made without
disturbing it. In Ref. [25] it was proved in full generality
that no-information without disturbance is equivalent to
the atomicity of the identity transformation—i.e. every
instrument whose full-coarse graining is equal to I must
be of the form {pxI}x∈X, with {px}x∈X a probability
distribution.

The proof that MCT has no-information without dis-
turbance proceeds as follows. For the details, we refer
to Appendix H3. First, suppose that there is some in-
strument that decomposes IA. This instrument is the

limit of some sequence T
(n)
X

of tests of the form (4). The
important fact here is that the arbitrary systems A′

n,

B′
n, Cn, En, as well as the permutations S(1)

n and S(2)
n ,

for the tests T
(n)
X

in the sequence can be taken to be
independent of n. Then, the full coarse-graining of the
limit test—that coincides with the limit of the sequence
of full coarse-grainings—is of the form of Eq. (4) where
the observation-test {ay}y∈Y

reduces to the determinis-
tic effect eCA′ . Since in our case A ≡ B, it must also
be A′ ≡ B′. Moreover, since the overall transfromation
must be the identity, one can easily check that it must
be S(2) = [S(1)]−1. In summary, one must have

A

S(1)

A′ -./0e 1234ρ A′

S(1)−1

A

E =
A

,

(5)

and finally, inverting the permutations on both sides, we
end up with

A′ -./0e 1234ρ A′

E =
A′E

,

which then requires A′ ≡ I. By the stability of the sys-
tems A′

n, B′
n, Cn, En, also the sequence of tests of the

form (4) converging to our decomposition of IA must

have trivial systems A′ ≡ B′ ≡ I. As a consequence, all
such tests must contain events proportional to IA, and
so must have the limit test.

We finally prove that every (non-trivial) theory with
no-information without disturbance, and then MCT, has
irreversibility. This is shown by contradiction. Sup-
pose that a theory has no intrinsically irreversible tests.
Then any test AX ∈ Instr (A→B) does not exclude the
identity and is achievable via an instrument {Cz}z∈Z

∈
Instr (A→BE) such that Eq. (2) holds with By replaced
by the identity IA. Due to the atomicity of the iden-
tity one has (e|BECz = pz(e|A, which means that the
observation-test associated to AX ∈ Instr (A→B) is of
the form {pke}z∈Z, namely it is trivial. Since this is
true for every test, all observation-tests must be triv-
ial, which is possible only if the theory has just one sys-
tem corresponding to the trivial one. MCT is not triv-
ial, indeed one can take for example the observation-test
{ax}x∈X

= {a0, a1} where (a0| and (a1| are the effects
that perfectly discriminates between the two states |0)
and |1) of a bi-dimensional system of the theory. There-
fore, since MCT satisfies no-information without distur-
bance, it has irreversibility. To conclude the argument,
it is sufficient to observe that MCT does not have incom-
patibility, since it has the same observation-tests as CT,
where all the measurements are compatible.

Discussion.— In this Letter we have proven that, in
a general theory of physical systems, the presence of in-
compatible measurements implies the existence of tests
that are intrinsically irreversible, but the viceversa does
not hold. The counterexample is given in terms of a fully-
fledged OPT, that we termed MCT, whose state spaces
are simplexes. This is expected, in the light of the results
of Ref. [26], where the author proves that compatibility
of all observation-tests is equivalent to simplicial state
spaces.

The notion of intrinsic irreversibility has been also in-
troduced for the first time in an operational framework
to qualify instruments that cannot be post-processed to
the identity, even with access to arbitrary ancillary sys-
tems. The consequent notion of irreversibility—i.e., the
property of a theory with an intrinsically irreversible
instrument—is very restrictive, and one may conjecture
that it lies at the origin of thermodynamic irreversibil-
ity. The analysis of this hypothesis will be the subject of
future studies.

The toy theory presented here, exhibiting irreversibil-
ity but also full compatibility, can be used to compare
other features which are beyond the scope of this Letter
as well. For example, MCT establishes that classicality
is not sufficient for a theory to have full compatibility
of instruments, where the latter is defined according to
Refs. [22, 27]. Moreover, MCT represents the evidence
that no-information without disturbance is not a signa-
ture of nonclassicality.

As a final remark, we observe that MCT does not have
complementarity nor preparation uncertainty relations,
such as Roberston’s ones [2], which shows that those are

Permutations

Measure-prepare  
(no conditioning)

Compositions thereof

Topological closure ?



- State and effect space: classical

- Tests: 
 
 
 
 
 
 
 
 
 
 
 
 

- Full characterisation of tests: yet unknown
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- In MCT all observation tests are compatible (trivial from CT) ⇒ no uncertainty 

- MCT has no-information without disturbance

MAIN PROPERTIES OF MCT
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SUMMARY
• Disturbance and correlations 

• No information without disturbance = identity test is atomic 

• Compatibility: strong and weak 

• Different kinds of irreversibility 

• Full compatibility = full information without disturbance 

• Full compatibility implies classical state space 

• MCT: Incompatibility does not necessarily imply uncertainty


