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Quantum marginal problem Il

Problem.
Given a set of overlapping marginals (reduced density matrices), does there
exist a joint state?
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Problem.
Given a set of overlapping marginals (reduced density matrices), does there
exist a joint state?

e fuc ¢

<~ fABc

Pac

Rather easy: Formulate semidefinite program:

findpapc
st.papc >0
Tra(paBc) =pPBC,---

Efficiently solvable, semetimes usually infeasibility can be certified. 4
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Quantum marginal problem IV

Problem.
Given a set of overlapping marginals (reduced density matrices), does there
exist a pure joint state?

2
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Pac

Hard (QMA-complete)!?

2Y -K. Liu in Approximation, R: ization, and Combinatorial Optimization. Algorithms and Techniques 438 (2006). 5




Why should we care?

Compatibility problem is relevant:

» Quantum chemistry: properties of fermionic system are governed by its
one- and two-body marginals (Pauli principle + generalizations).
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Why should we care?

Compatibility problem is relevant:
» Quantum chemistry: properties of fermionic system are governed by its
one- and two-body marginals (Pauli principle + generalizations).
» Monogamy of Entanglement: E(pap)+ E(pac)+ E(ppc) < const.
> Existence of Quantum Error Correcting Codes/Absolutely Maximally
Entangled States.>
» [Can be decided by a hierarchy of semidefinite programs4]

ARTICLE M) Check for updates
https://doi.org/10.1038/541467-020-20799-5 OPEN

A complete hierarchy for the pure state marginal
problem in quantum mechanics

Xiao-Dong Yu® "™, Timo Simnacher® !, Nikolai Wyderka'2, H. Chau Nguyen' & Otfried Giihne® '

3http://ametable.net
4X.-D. Yu, T. Simnacher, N. Wyderka, C. Nguyen, O. Giihne, Nat. Commun. 12, 1012 (2021). 6
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But often we could care less!

Often, we do not care about the actual marginals, but only their spectrum!
E.g., entropic inequalities

» Strong subadditivity of von Neumann Entropy
S(p) = —Tr(plogp) = =, AilogA;:

S(paBc)+5S(pB) < S(paB)+5S(pc)




But often we could care less!

Often, we do not care about the actual marginals, but only their spectrum!
E.g., entropic inequalities

» Strong subadditivity of von Neumann Entropy
S(p) = —Tr(plogp) = =, AilogA;:

S(paBc)+5S(pB) < S(paB)+5S(pc)

» Other entropies, e.g.,
> Tsallis entropy Sq(p) = ﬁ[Tr(pq) —1],
> Min entropy Soc(p) = —log Amax(p),
> Max entropy So(p) = logrankp




Spectral marginal problem

Problem.
Given a set of spectra of marginals, does there exist a joint state with given
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Spectral marginal problem

Problem.
Given a set of spectra of marginals, does there exist a joint state with given
spectrum?
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Equivalent to sum-of-hermitian matrices problem: Given hermitian matrices A,
B and C, which spectra
A(A),A\(B),A(A+ B),\(C),A\(A+C),\(B+C),A\(A+ B+C) are compatible?

Horn's inequalities




A first trial |

Can we formulate it as a semidefinite program?

1. Replace A(p) = (A1,...,Aq) by (Tr(p),Tr(pZ),...,Tr(pd)) — input data
. Y4 ¢ L
is Tr(pg) =q, ,...,Tr(pi‘B) = qgg,...,Tr(prC) = q,(4%3C

2. Write down “SDP":

find papc
st.papc 20,
¢ ¢
Tr(papc) = qi,,)gc Ve,

Te[Trc(papc)’] = qff}; Ve,

is not linear!
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3. Use trick: Let o0 € Sy, be a permutation, s.t.
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For example:
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3. Use trick: Let o0 € Sy, be a permutation, s.t.

o|v1) ®[v2) @+ ®|vk) = [Vg-1(1)) ® [Vg-1(2)) B+ B [vg-1(k))
For example:

(143)(2) [v1) @ [v2) ® |v3) © |v4)

= |v3) @ |va) ® |vg) ® |v1)

Then: Tr((1...0)p%%) =..=Tr(p").
4. Multipartite:
(1...0)4
@ k 4
Tr| (1...0)p |papc|®...®|papc|| = Tr[(1...0) ap®"] = Tr[p} 5]
®
Oc
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Combine tricks:

findpapc

st.papc 20,
T[(1...0 apcribe]l = d'he Ve,
Te[(1...0appi ] =dly VL,

Still not linear!
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A first trial I

Combine tricks:

find X,
s.t. X >0,

Te((1...0)apc X = dipe VL.
Te[(1...0ap X ] =dYy Ve,

—1
TABCXkTapc = Xk YT €Sy

Stith-not-tineart Ideally, Xj, = p5h ...

If SDP is infeasible for some k, then this proves incompatibility of spectra!
But will it detect all incompatible spectra?
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Quantum de Finetti theorem

Let X} be such that for all m > k, there exists an X, satisfying
TXmr b= Xom, Trpp\  (Xm) = X -
Then

X :/p®kdu(p)~

Yields sequence of outer approximations of conv(p®k)

But we want X = p®k!




Quadratic constraints
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Quadratic constraints

» If we can demand Tr[(1...£) apcXk] = qj(fj)gc, then also

Te[((1...0)(E+1...20) apc Xi] = (qVhe)®
> Write
_ _® _®
O_Tr[[(l"'Z)ABC qABc][(é"‘l"'QZ)ABC qABc}Xk}

- / T 0) Az — b 1012 dpa(p).




Quadratic constraints

» If we can demand Tr[(1...£) apcXk] = qffj)gc, then also

Te[((1...0)(E+1...20) apc Xi] = (qVhe)®
» Write
4 O e+1...2¢ —¢¥ 1x
)ABC qABC][(+ )ABC qABC} k}

112
/|TY O apc — q,(4,)gc] 1P dulp).
> Average over non-negative numbers =0 = almost all of them must
vanish!

= There exists a p4pc with correct Tr(pquC)

(take sum) = There exists a p4pc with correct spectrum.




Result

Add quadratic constraints to hierarchy makes it complete:

Theorem
The spectra XN(pap), M(pac), N(ppc) are compatible iff the SDP

find X,
s.t. X >0,

4
Te[(1...0)s Xk = 4,
Tr[(1...0)(0+1...20) s X5] = () Ve=1,....dim(pg),S € {AB, AC, BC}
WABCXkWZéc:Xk V7 e S

is feasible for each k.
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AAB Xac ABC

Npap) = 0 = 0 AMppe) = 0
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0?
> A(pa),A(pB),A(pc) compatible iff QCL
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Example

More copies?
» Use symmetry reduction to check k =2,3,4,(5):

Asc=0.3 10 Agc=0.5
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Example
More copies?
» Use symmetry reduction to check k =2,3,4,(5):

Asc=0.3 Agc=0.5

1.0 1.0

0.8 0.8

Excl. k=2
= Excl. k=4
== Unknown

= Allowed

Excl. k=2
= Excl. k=4
== Unknown

0.6
o
<
~<
0.4

0.6

= Allowed

0.2 0.2
0.0 0.0
0.0 00 02 04 06 08 1.0

» Use dual representation to obtain purity inequalities:
k =2: For all tripartite states (Shadow ineq.),

1—-Tr(p% ) — Tr(phic) + Tr(pc) > 0.
k = 4: For all tripartite states,

1
1-25 [15Tr(p% ) — 3 Tx(pap) + 15 Tr(pac) — 3Tr(phc)+

9Tr(phe) — 16 Te(phe) +3Tr(ppc)] > 0.




Summary/Outlook

» Checking spectral compatibility of marginals is hard, but important
(entropic inequalities, bounds on local unitary invariants...).

» Complete SDP hierarchy allows to check it numerically.

» Sometimes, analytical results are possible using the dual representation.

» In some cases, enough information to completely fix Xj: Compatibility
problem < Entanglement problem.
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» Checking spectral compatibility of marginals is hard, but important
(entropic inequalities, bounds on local unitary invariants...).

» Complete SDP hierarchy allows to check it numerically.

» Sometimes, analytical results are possible using the dual representation.

» In some cases, enough information to completely fix Xj: Compatibility
problem < Entanglement problem.

Thank you for your attention! Open soon: PhD & Postdoc positions
in Bordeaux
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Backup: Symmetries

Problem: SDP is too big.




Backup: Symmetries

Problem: SDP is too big.

Identify symmetries!

Single system
Te[(1..0)p] = Tr[(1...UekpE Ut

n-partite system

Tr {(1...€)Ap®k}

=Tr [(1...£)A(U1 ® - @Un)®* k(U @ @ Up) BT




Backup: Symmetry reduction

Schur-Weyl Duality:

[U®* 6]=0  VoeS,,Ucl(d).

k copies of single system

(CHEF ~ ED U\®Sy.

AFE
height(\)<d
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Backup: Symmetry reduction

Schur-Weyl Duality:

[U®* 6]=0  VoeS,,Ucl(d).

k copies of single system

(chH®k ~ @ Uy @Sy

AFE
height(\)<d

k copies of n-partite system

((cd)®n)®k‘§( D L{,\1®S,\1)®...®( D an®an).

bk AnFk
height(\1)<d height(\,,)<d

This allows to check positivity of the dual variable in the irreps only!

20




Backup: In practice

» Sagemath for irreducible representations.
> Choose unitary representation. R(oc ') = R(c)”

» Take every combination of irreps. E.g. 3 copies of 3-qubit state

Irreducible Representation dimension
LI el [T el I 1] 111=1
LI el I [ e 112-2
‘ ‘ ‘ ‘® ‘® 1-2.2=4

‘® ‘® ‘ 2:2-2=8

21




Backup: Effects

1. Reduces SDP size massively

2. Incompatibility witnesses can certify incompatibility in all dimensions
(“dimension-free”) if k < d.

3. Incompatibility witnesses are purity / moment inequalities.
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Backup: Effects

1. Reduces SDP size massively

2. Incompatibility witnesses can certify incompatibility in all dimensions
(“dimension-free”) if k < d.

3. Incompatibility witnesses are purity / moment inequalities.

Example
k=2: 1= Tr(php) = Tr(phe) + Tr(ppe) > 0,
1
k=4: 1 o5 (1Tr(ph p) = 3Tx(ply ) + 15 Tr(ph o) 3 Tx(psc)

+9Tr(phe) = 16Te(ph) +3Tr(ppe)) > 0.
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